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INTRODUCTION 
One of the most interesting problems left open in the theory of monomial 
groups is the following: 
Is every normal subgroup of a monomial group aga,in monomial ? 
A partial answer to this question can be found in DORNHOFF [l] and 
SEITZ [B]: 
1. Let G be a finite monomial group and suppose that N is a normal 
Hall subgroup of G. Then N is monomial. 
2. Let L be a normal Hall subgroup of the monomial group G, and let 
L C N with N subnormal in G. If each subgroup of G/L is monomial, 
then N is a monomial group, 
It is the purpose of this paper to prove the following theorem: 
THEOREM. Let G be a monomial non-hypersolvable grozcp and let N be 
a normal subgroup of G whose factor group G/N is cyclic of prime order. 
Suppose that all proper sections of N are monomial. 
Then N is monomial if one of the following properties holds: 
1. jG/Nj#2. 
2. Z(N) is not cyclic or Z(N) = 1. 
3. Z(G) is not cyclic or Z(G)= 1. 
4. G/02(G) is not isomorphic to the abelian group of type (28, 2), s> 1, 
and also not isomorphic to a dihedral 2-group. 
However we will construct two types of monomial groups, all con- 
taining a non-monomial (normal) subgroup of index 2. Therefore the 
question as stated above must be answered in the negative! 
The notation is standard and mostly taken from HUPPERT’S book and 
GORENSTEIN’S book. See [2] and [3]. OS(G) is the smallest normal sub- 
group of G such that G/02(G) is a 2-group. 
This work was done as the author was a visitor of the Mathematisches 
Forschunginstitut in Oberwolfach, Germany, at the conference on Group Theory, 
3-10 August 1973. 
Supported by the Netherlands Organization for the Advancement of Pure 
Research (Z.W.O.). 
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We recall the definition of monomial group, to be used here: A group 
G is said to be monomial whenever every irreducible representation of G 
over the complex field 9 is induced by a linear representation of some 
subgroup of G. 
We will restrict ourselves here to representation theory over the complex 
field, but we remark that we could have done it also over an algebraically 
closed field of characteristic 0 or p, with p f 1 G/, without loss of generality. 
Irr (G) will mean the set of all irreducible characters of the group G. 
All groups in this paper will be finite. 
“M-group” will just mean “monomial group”. 
A “minimal non-M-group” G will mean: G is not monomial but all 
proper sections of G are monomial. 
Notice that monomial groups are solvable. 
We prove the theorem as stated in the introduction. 
First of all we derive some properties of the group N under the as- 
sumption that /3 is an irreducible non-monomial character of N. Let Go 
be the inertia group (Tragkeitsgruppe) of p in G. Then we have either 
Gp=G or Gp=N. 
1. Let Gp=G. Then p=?,.]N, ly E Irr (G) by virtue of the fact that G/N 
is cyclic of prime order. So /3 would be monomial (the matrices can be 
brought into monomial form!), contrary to the assumption about p. 
2. Let GB = N. Then Po = ilG, /3G E Irr (G) and 1 is a linear character of 
some subgroup H of G. Distinguish now between H C N and H $ N. 
2,l. Let H _C N. Then (BG]N, AN)= (lo, JG)=(no, JG)= 1 by Frobenius 
reciprocity. From GB= N we get: /~G]N =z\i”=, /?i, with /3=/31 and /& conju- 
gate to /3j, /36 #pj if i #j. We have nN( 1) = /3( 1). Also : @GIN, AN) = 1, whence 
(pi, J,N) = 1 for a certain i. Hence we get jlN=pt and thus /3( (and ,4 since 
B is conjugate to pi) is monomial, contrary to our assumption. 
2,2. Let H $ N. Then HN =G. Let A be abelian and such that A <I N. 
Then ~IA= 2.2. h z ) w ere the 1% are not necessarily distinct linear characters 
of A. So (&N, B)= (&, /?]A)> 0. Let Ni6 be the inertia group of jzi in N. 
Then we split up: 
2,2,1. N+CN. Then &N=p+ . . . . Now iliN%= 2~ ~3, the Q irreducible 
characters of Nn,. By assumption all the xi are monomial. Since A a N 
and A C Nn, C N we have il(N = & x3.N with @’ E Irr (N), see page 571 
of [3]. so /3=xj N for some j, and p would be a monomial character as xf 
is monomial. 
2,2,2. Nn,=N. Then iZ$Q=[N: A]&, whence p]~=rn& with m=/3(1). 
Now /3 must be a faithful character for otherwise /3 E Irr (N/T) with 
T = Ker B, so /? would be monomial. Hence /ZIA is faithful and consequently 
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& is faithful on A. Now this means that A is cyclic, namely i2i is an 
isomorphism of A into the group of the lA]t”-roots of unity. Now N,x~ = N, 
hence &(xax-r)=&(a), a E A, x E N-A. Since 1, is faithful, xax-r=a for 
all x EN. So A C Z(N). In particular Z(N) itself is cyclic. Consider now 
the group .B’, the Fitting subgroup of N. F is characteristic in N. Since 
F is nilpotent, F is the direct product of its Sylow subgroups : F = ni Xi. 
Let S, be a characteristic abelian subgroup of St, then S, char St, 
Sg char F, F char N, whence S, char N, and so S, 4 G and S, is cyclic. 
Further S, C Z(N) n F C Z(F)=nt 2(X,), thus S, C Z(Si). Of course 
Z(&) is also cyclic. According to a theorem of HALL, see [3] page 35’7, 
we have IS,‘1 <pt, pi prime such that St is a pi-Sylow subgroup of F. 
Hence F’ is abelian and F’ a G. Now, by a well known theorem of 
SEITZ (see [S]), we may assume that H 2 Z(N). We have seen above that 
N n Z(G) C Z(N). Look at the linear character iz of H such that 3LG = PG, 
then 
Hence (P~H~AT, ~IH~N) > 0. Now A]z(N) =A~H~N~z(N) and therefore jl]z(~) is 
inert in both H and in N, hence in HN = G. This means that &?(N)(zaz-r) = 
=Jblz(N)(a), x E G-Z(N), GE.??(N). Since also J+(N) is faithful on Z(N) 
we get xax-r=a for all x E G-Z(N). Hence immediately Z(G) 2 Z(N). 
SinceZ(F)=Z(N)CHnF,wefindF’CHnF,HnF a F,HnF Cl H, 
H n F a HF. The last result will occur a few times. This finishes the 
general observations about the group N. 
Now, in a recent paper, PRICE [5] did improve the results about the 
group N. Namely, the minimal non-M-group N is of the following shape: 
N contains a normal subgroup Fo such that 
1. (a) Fo is extra special of exponent q, q prime, qf 2. 
(b) .B’a is an extra special 2-group but not dihedral. 
2. N=FoB where B acts trivially on Z(Fo) and irreducibly on F,/Z(Fo). 
3. Either (a) B is a q’-group 
or (b) q=2 and B/02!(B) is a cyclic S-group. 
4. O,,(N)= 1. 
5. If B is of odd order then B is of prime order. 
So we have the following situation: 
G 2 iv 1 PO,& W’o) 2 (1). 
(Notice that Z(Fo) C Z(G) and that also Fo C F; moreover every non- 
trivial normal subgroup of N contains .Z(Fo)). 
Since N is not monomial, N is not a Hall subgroup of G. Hence we 
have p,I jN/Fo/ or p=q. 
(a) Suppose that N/F0 is merely a q’-group. Hence Fo= F and F CI G. 
(a, 1) Let p] I NjFl. There exists a character 17 E Irr (F) such that y~( 1) = qm. 
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See [3] page 563. Since zzEp lq(x)js= [PI, it is easily seen that q(x)=0 
for x E P-Z(P). Since Z(P) C Z(G) we conclude that 17 is G-invariant. 
Since the orders of F and G/F are relatively prime, 7 has an extension 
to a character e E Irr (G) of degree q m. Then e is monomial. So let M C G 
such that IG: Ml =q m and such that p is a linear character of M with 
,uG=e. We can choose M such that M 1 Z(F). Hence F n M a F, 
FnM a M, so FnM a FM=G. Now IF:FnMi=IFM:Mj=qm, 
thus lP n Ml=q mfr and F n M 4 N. This contradicts the irreducibility 
of the action of N on F/Z(F). 
(a, 2) Let p=q. Just as we did it under (a, 1) we see that q has an 
extension 5‘ to Irr (N) such that [ E Irr (N) and [lp=q. q has t= jN/N’FI = 
= IN/F/(N/F)‘I distinct extensions to irreducible characters of N, see [3], 
Ch. V. 17.12. Call 2 the set of characters defined as follows: 
Z= {& 6 Irr (N)li= 1, . . . . t, &/l~=q}. 
Let Q be a q-Sylow subgroup of G. Then there is an action of Q on Z 
as follows : If b E Q then define &b by means of &b(n) =&(&b-i), for n E N. 
First of all [$ is a character of some irreducible representation of N 
and moreover 
Hence [ibjF=)7, thus &b E 2. Thus Q acts as a permutation group on .Z 
and permutes the elements of Z in orbits of q-power length. Since q 7 t, 
at least one element of 2, say 5, is stable under Q. Since GIN is cyclic 
this means that 5 can be extended to an irreducible character 8 of 
QN=G=Gg. Hence 8(1)=q m. One gets now the same situation as under 
(a, 1) and finally we obtain F n M 4 FM, Now ,uFM is some character 
(not necessarily irreducible) of FM and ,uG= (,@M)o=6. Further G I 
> FM 1 F, 81~=~ E Irr (F) hence 8lFM E Irr (FM). Thus deg ,uFM< 
G deg ,uo= deg 81~. However (,u FM, 81~) = (,uG, 8) = (6, 6) = 1. Hence deg 
,LPM= deg ,uG from which it follows that FM =G. Thus we have found 
that F n M a G, hence that F n M a N contrary to the irreducibility 
of the action of N on F/Z(F); notice that Z(F) C P n M C F. 
(b) Suppose that q= 2 and that N/F0 is such that N 1 K 3 Fo with 
K/Fo=Oag(N/Fo). Notice then that N/K is a cyclic 2-group. Hence we 
must have either p = 2 or p/ I K/FoI. 
(b, 1) Let pj IK/Fol. So p# 2. Assume for a moment that F’o is a normal 
subgroup of G. Since K/F0 is characteristic in N/Fe, it follows then that 
K/F0 4 G/F0 hence K 4 G. Since N/K is cyclic of Bth-power order it 
follows that G/K is cyclic! Let S be a subgroup of G such that S/K is 
the normal p-Sylow subgroup of G/K. Hence the orders of S/PO and F,-, 
are relatively prime and G/S is cyclic of 2th-power order. The character 
17 E Irr (PO) with q(1) = qm is S-invariant and can be extended to an irre- 
ducible character of S. Since G/S is a cyclic e-group, we can apply the 
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same procedure as described under (a, 2) (with S in stead of N in (a, 2)) 
and finally we see that Pa n M 4 G, Fo n M Q N contrary to the irre- 
ducibility of the action of N on Fo/Z(Fo) ; notice that Z(F,) C PO n M C Fo 
andjFanMl=2 m+l. Next we prove that indeed FO is a normal subgroup of G. 
Let 01 E Aut (N). Then N D Pt. Since Z(Fo) is the unique minimal 
normal subgroup of N (otherwise N would be monomial), we have Z(Fo) = 
=Z(l$). Now F,‘oF~/Fo E Fi$jFg n FO must be a cyclic 2-group. Since 
F{ n PO Q N it follows by the irreducibility of the action of N on 
Fo/.Z(F~) that PO” n Fo=Z(FO) or that Ft n PO= Fo. If F; n Fo=Z(Fo) 
then Ft would be abelian as it is a cyclic extension of Z(Fo). Since this 
is clearly false there remains Fg n Fo= F a. Hence Fz= F,-,. Therefore Fo 
is characteristic in N, whence normal in G. 
Since Fo/Z(F ) 0 is a chief factor of N, we have CN(F~/Z(FO)) > F. {F is 
the Fitting group of N). Write C= CN(F,JZ(F~)). Let X/F be a minimal 
normal subgroup of N/P contained in C/F. Hence X/F is elementary 
abelian, or X/F = 1 if C= F. Suppose C# F. Then 2 does not divide [X/PI 
as F is a S-group by 02*(N)= 1. Hence IX/F/ is a power of an odd prime. 
But any non-trivial element of odd order of X acts trivially on Fo/Z(F,) = 
= F&D(Fo). Therefore it acts trivially on the whole of PO. Assume moreover 
that F=Z(F)Fo, whence Z(F) <1 N. Thus Z(F) is cyclic and contained 
in Z(G). If so, then X/F acts trivially on F and therefore X=02,(X) x P, 
02,(X)+ 1. Since 02,(X) is characteristic in X and since X 4 N we would 
have Os<(X) <I N. This contradicts the fact that 02)(N)= 1. Hence, when 
F =Z(F)Fo holds, then C= F. 
Next we prove that the assertion F =Z(F)Fo holds. We have: 
IF/Z(F)1 2 IZ(F)FO/W’)/ = IFo/F~ n Z(F)1 = IFo/-W’~)I = Zzm. 
(The fact that FO n Z(F) =Z(Fo) follows from the fact that N acts irre- 
ducibly on Fo/Z(Fo) and that the cyclic group Z(F) = Z(N) contains Z(F0)). 
Further: PO 1 Q(F) n FO 2 Z(Fo). If PO = Q(F) n Fo, then Ho C Q(F) C F, 
so F/@(F) would be cyclic as F/F0 is cyclic. By Burnside’s basis theorem 
this would imply that F is cyclic contrary to the fact that Fo is not cyclic. 
Hence there remains Z(Fo) =@(F) n PO. It follows that @(F)/@(F) n PO 
is cyclic, since @(F)/@(F) n Fo g @(F)Po/Fo = @(F/Fe) is cyclic. 
Therefore Q(F) is abelian and Q(F) a N. Hence Q(F) is cyclic and 
~(F)CZ(N)=Z(F).Also:~di(F)~=~~(F)/Z(Fo)~~Z(Fo)~=~.~F/Fo[ .2=jF/FoI. 
Moreover P/Z(F) is elementary abelian as Z(F) 2 Q(F). Since Z(F) is 
cycJ.h IF/-W’,) I is a square, see [3] page 354. Now IF/@(F)1 = IF01 = 22m+l, 
IF/Z(F)/ > 2sm and Z(F) I Q(F). Hence /F/Z(F)I = 22m, whence F = Z(F)Fo. 
In fact: F=Z(F) j’F0 with &(2(F)) and Z(Fo) identified. Therefore the 
whole situation of (b, 1) has been cleared now. 
As an additional remark we argue that F has a G-invariant non-linear 
irreducible character. Indeed, we know that Fa has a unique non-linear 
G-invariant irreducible character 6 of degree 2m. Consider F=Z(F)Fo= 
=2(F) j’ FO as a factor group of Z(F) x PO. Let c be a generator of the 
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0, if f E PO-Z(li’o) 
f=l 
-zm, f E-qFo), f#l 
Then x @ 6 is an irreducible character of Z(F) x Fo with kernel diag 
(Z(F),Z(FO))=(~.S), (t)=D~(Z(F)), (s)=Z(FO). HenceX66EIrr (FoZ(F)). 
We have 
if g EF-WY 
~0, if g E Z(F) _C Z(G) 
Hence x @ 6 is a G-invariant character of F. Further (X @ 6)/Fo=8. It is 
this property that could be used also in order to prove the non-existence 
of the minimal non-M-group N in case (b, 1). 
(b, 2) Let p= 2. From (b, 1) the following statements again hold: 
F =Z(F)Fo, PO 4 G, C= F. In this case we can try to argue as under 
(b, 1). Again we have that N/K is cyclic. Hence G/K is a 2-group with 
a cyclic maximal subgroup. The problem is that G/K ought not to be a 
cyclic 2-group ! Now, if the 2-Sylow subgroups of G/F would have a trivial 
Schur multiplier then x @ 6 (see above) has an extension to an irreducible 
character 6 of G, by Th. V. 17.12 and Th. V. 25.3 of [3] and by a procedure 
analogue to the description under (a, 2). So 6 E Irr (G) and 61~=x Q 6. 
Then also 61~ E Irr (N) and 81~ is monomial. Call 6j~=y, then y[p0=6, 
see above. Since y is monomial of degree 2m, there exists a subgroup M 
~~N~~~~~~~~~N:M~=~~,MFO=N,~~~N:M~=~MF~:M~=~F~:F~~M~. 
But now PO n M 4 FoM= N and Z(F0) C Fo n M C Fo. Therefore this 
is in conflict to the irreducible action of N on F,-,/Z(Fo). 
Therefore G/K must have a non-trivial Schur multiplier. Since N/K 
is a cyclic maximal subgroup of the 2-group G/K, it follows then that 
G/K is abelian of type (28, 2) with 2~= IN/K] or that G/K is a dihedral 
2-group. By the irreducible action of N on Fo/Z(FO) it follows that 
K =02(N), and also that K =02(G). As we have seen above, C= F. 1) 
The proof of the theorem is complete. 
In [5] PRICE says that the only type of minimal non-M-groups N for 
which (IN/Cl, lFo/)# 1 known to him are such that N/C is dihedral of 
order 2r, with r some odd prime number (and with FO an extra special 
non-dihedral 2-group). 
1) In both cases (b, 1) and (6, 2) we have (IN/Cl, 13’01) f 1. Indeed, suppose 
that jN/Cl is odd. C is a 2.group, hence there exists a subgroup W of N of odd 
order such that N=CW. Suppose that W acts reducibly on Po/Z(FO), then there 
is a group D such that W normalizes D and 3’0 3 D 3 Z(Fo). Hence D Q 3’0 W. 
Since P=Z(P)Po and Z(F)=Z(N), it follows that D Q PW=CW=N. This is not 
true. Hence W acts irreducibly on Fs/Z(Fs). It is easy to see, as we did it above, 
that 3’0 W is not monomial. Hence N= 3’0 W, or equivalently .Fo= F=C. But then 
we are in case (a). 
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In the sequel of this paper we will assume that N/C E D,., where D, is 
dihedral of order 2r, r some odd prime, moreover G is monomial with lG/iV = 2. 
Therefore the 2-Sylow subgroups of G/F are elementary abelian of 
order 4. It follows that G/F g CZ x D,. Hence there is a normal subgroup 
8 of G such that ]G/?Yl = 2 and S/F cyclic of order 2r. Let T be such that 
T is the normal Sylow S-subgroup of 8, whence 
T a G. What is T’ ? Remember that F=Z(F)Fo, and Z(F) C Z(G). Let 
T=(a, b, PO) with (b)=Z(F). Then T’= ((a, PO))‘. Since (a, Fo)/Fo is 
cyclic, Burnside’s basis theorem implies that PO 3 T’. Now T’ 4 G, so 
T’ 4 N. Therefore T’ 2 Z(Fo). By the irreducible action of N on Fo/Z(Fo) 
it follows that T’ =Z(Fo). Hence T is of nilpotency class 2. Moreover 
Z(T)/Z(T) n F s FZ(T)/F e 1 or e Cs. Further Z(F) C Z(T). Therefore 
Z(F)=Z(T) n F. We split up: (b, 2,l) FZ(T)=F and (b, 2,2) FZ(T)=T. 
(b, 2,l) Let FZ(T)=F. Then Z(T) is contained in F, whence in N. 
Since Z(T) is normal in G, it is also normal in N. Therefore Z(T) 2 Z(N) 
and Z(T) is cyclic. Now x @ 6 has an extension to Irr (T), call it E, so 
EIF=x Q 6. We argue that E is faithful. Indeed, suppose not. Then 
Ker E# 1, Ker E Q T, Ker 8 n Z(T)# 1, so Z(Fo) is contained in Ker E. 
However this is not true for &IF0 is faithful on PO. Hence I is faithful. 
Since T is of nilpotency class 2, it follows by an easy lemma, see [7], 
lemma 9: 
c(t)=O, if t E T-Z(T). 
Since here Z(T) C Z(G), we see that E is a G-invariant character! Since 
G/T E Dr, E has an extension to a (monomial) character of Irr (G). See 
again Th. V. 17.12 of [3]. Call this character a’. So E’IN would be monomial 
of degree 27n. This is a contradiction just as we have seen above ! 
(b, 2,2) Let FZ(T)=T. Hence we have (b, 2,2,1) Z(T) cyclic, or (b, 2,2,2) 
Z(T) not cyclic. 
(b, 2,2,1) Let Z(T) b e c c ic. y 1 If Z(T) C Z(G) then we argue as under 
(b, 2,l). Hence we can assume that Z(T) rf: Z(G). Let (b)=Z(T), then 
b $2(G). Let LIP be the normal r-Sylow subgroup of G/F. Hence L=FC,. 
Since Z(T) is a cyclic normal S-subgroup of G, C, acts trivially on Z(T). 
Notice that S 3 L. Hence S= TL=HZ(T)L= FC$(T) = LB(T) = L j’ Z(T). 
We can find an element d contained in a 2-Sylow subgroup of N such that 
L(d) = N, whence G= (L, d, b). Since [b, L] = 1, d acts non-trivially on b ! 
Now IZ(T)/Z(F)j = 2, Z(F) _C Z(G), h ence d acts trivially on b2. Hence 
d-i bd = bz, where x is the unique element of order 2 contained in Z(T). 
Hence (z) =.Z(F,). It follows therefore that 
(“) G=(Z(T) j’FC,)<d), Z(T)=(b), bd=bx, Z(F,,)=(z). 
Also: G= N(b), where b acts on d such that b-ldb =dz. Moreover b acts 
trivially on L. 
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Next we consider first the analoguous situation (lo, 2,2,2). 
(b, 2,2,2) Let Z(T) be not cyclic. Hence Z(T) $ Z(G). Moreover 
IZ(T)IZ(F)/ = 22 w-9 Y 1 c c ic. Hence Z(T) = Cs x Z(Y). Let again 8 be the 
subgroup of G such that X/P is cyclic of order 2r. Again S = TC,= 
= (C, x Z(F))FCr. Since T=Z(T)F and T 3 P, we see that [Z(T), F] = 1. 
Since Ca A .i?= I we have S= (G’s x .P)C,. C, normalizes Cs and centralizes 
Z(s). Since C, has the odd order r, C, centralizes C’s x Z(F). Hence 
S = Cs x lV& = Cs x L. Therefore G =X(d) for some d contained in a 2- 
Sylow subgroup of N. Since Z(Cs x 1;) = C’s x Z(L) = Cs x Z(P) = Z(T) $ 
$ Z(G), we see that cd=cz, C,=(c), z E Z(S), x2= 1. Here L has the same 
meaning as in (b, 2,2,1). Since Z(P) is cyclic, (z)=Z(3’0). From d-kd=cx 
it follows that c-Uc=dz. Therefore we see that in this case 
(““1 G = (Qz x L)(d), Cz = (c), C~=CZ, (x) = Z(F,), L(d) = N. 
In both cases (b, 2,2,1) and (b, 2,2,2) we have found a necessary structure 
for the monomial group G to have a minimal non-M-group N = L(d) as 
a non-monomial normal subgroup of index 2. Now we reverse the process. 
Let N=L(d) b e a minimal non-M-group of the shape as described above 
(hence with N/C E D,, C= F, etc. and F is a 2-group and also the Fitting 
group of N). Then we prove that any group G satisfying the property (*) 
or (**) is monomial. 
In order to do this we first prove the following 
LEMMA. Let LIP be the normal r-Sylow subgroup of N/F. (Hence 
IN/L] = 2). Let v be a faithful irreducible character of N. Then: 
qo E Irr (G) +- Q~/L E Irr (L), 
for any group G satisfying the property (*) or (**). 
PROOF OF THE LEMMA. In order to prove the lemma we have to 
calculate (yG, vG)G. 
(qG, vG)o= h g& fPG(g) vG(s) = lw2,’ ) +,,;-L( ) +,S( )}. 
(i) When g E G-N, then @(g) = 0. 
(ii) When g E N-L, then g=ld for some 1 E L (notice da E L). Hence 
for such an element g we find : To(g) = v(g) + q(gb) = p(g) + v( (Zd)b) = q(g) $ 
+ q$(d*)) = q(g) $ q$dx). Let now D be some faithful irreducible represen- 
tation of N that affords 9, then p7(Edx) = Tr(D(Z&)) = Tr(D(Zd) D(x)); applying 
Schur’s lemma we find then pl(Zdx) = Tr( - D(Zd)) = - Tr(D(Zd)) = - q~(Zd). 
We used here that 9 = 1. Therefore if g E N-L, then To(g) = y(g) - v(g) = 0. 
(iii) Therefore there remains: (@, @)o= jGl-1 zstL To(g) To(g). Now we 
have pG(s) = dg) + dsb) = -%W since b-1 gb = g when g E L. Hence : 
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Therefore, if y E Irr (N) and 31 is faithful then 
yG 15 Irr (G) * ~JL E Irr (L). 
The lemma has been proved. 
In the sequel G satisfies (*) or (**). In both cases (b, 2,2,1) and (b, 2,2,2) 
S admits l-dimensional and r-dimensional irreducible characters all of 
whose kernels contain Z(J’o) ; notice that T/Z(Fo) is abelian. Further 
since SIP is cyclic and since P admits 2a irreducible characters of degree 
2m (all of them are G-invariant) it follows that S admits 2”+rr distinct 
irreducible characters of degree 2m. Notation : 1< 2a = IF : PO], 2zm = 
= \Fo: Z(F,)I, 2= /Z(F,)j. Th us the latter characters of S mentioned 
above are all extensions of the unique irreducible character 6 of degree 
2m of PO. Counting characters we see that we have found all irreducible 
characters of S. Since L is properly contained in N, L is monomial whence 
S is monomial in both cases (b, 2,2,1) and (b, 2,2,2). Prom this it follows 
that any irreducible character oc of G for which deg 0~ = 2th-power, must 
have a degree less than or equal to 2 m+l. Since NIP is dihedral of order 
2r, r odd prime, any G-invariant irreducible non-linear character E of 
degree 2” of F has two extensions & and 6s to irreducible characters of 
N and there are (r- 1)/2 distinct irreducible characters of N of degree 
2m+l all of the form &pj, i=l, 2, j=l, . . . . (r-1)/2, the ,uj are the 2- 
dimensional irreducible characters of N/F. According to Th. V. 17.12 
of [3] we conclude now that N has 2 a+1 irreducible faithful characters of 
degree 2m and 2a-i(r- 1) irreducible faithful characters of degree 2m+r. 
All these characters are pairwise distinct. Of course N admits irreducible 
characters coming from the monomial group N/Z(Fo) (N/Z(Fo) is monomial 
as N/J’ is dihedral and F/Z(F,) abelian). Counting degrees we see that 
we have found all irreducible characters of N. As we have seen earlier 
the faithful irreducible characters of N of degree 2m must all be non- 
monomial; notice that their restrictions to FO coincide with the character 
8 of Irr (PO). By the above lemma (taking v as an example of an irre- 
ducible character of degree 2 m of N whose restriction to FO coincides 
with 6) we see that + E Irr (G). By what we have seen above we deduce 
that the 2a-i(r- 1) faithful irreducible characters of N of degree 2m+l 
are all restrictions of 2a(r-- 1) irreducible characters of degree 2m+i of G. 
Since the restrictions of the 2a+l faithful irreducible characters of degree 
2” of N to L are irreducible, it follows that we find 2a irreducible characters 
of degree 2m+i of G, all distinct from the set of the 2a(r- 1) irreducible 
characters of G of degree 2 m+i mentioned above, when inducing from 
N to G. Counting degrees we have found all irreducible characters of G, 
namely the monomial irreducible characters of G/Z(F,) and the 
(2a + 2a(r - 1)) = 2ar irreducible characters of degree 2m+i, all being pairwise 
distinct. By what we have said about S all these 2ar irreducible characters 
of G of degree 2 m+i whose kernels do not contain Z(Fo) are all induced 
by irreducible characters of degree 2m of S ! Since S is monomial, it 
11 Indagationes 
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follows by the transitivity of taking induced characters, that G itself 
is monomial ! ! 
As an additional remark we observe that G’ = N’ = K in the cases 
(b, 2,2,1) and (b, 2,2,2). 
Let us give a short remark about the construction of a group G as 
meant in (b, 2,2,2). Let N=L(d) be a minimal non-&!-group as meant 
in (b, 2,2,2). We call such a group N a “Price-group”. Consider the set 
(Cs, N) of ordered pairs {(c, n)}, c E CZ, n E N. Every element n of N can 
be written uniquely in the form n = ZcZt for some 1 E L and t = 0, 1. Define 
multiplication * on {Cs, N} as follows: 
Here x is the non-trivial element of Z(Po); notice Z(P,-,) _C Z(N). The 
integers i, j, are determined modulo 2. With this definition of multi- 
plication we have endowed the set (C’s, N) with a group structure. The 
verification of the law of associativety is straightforward, the inverse 
element of (ci, Zdt) equals (c-i, xti(ZcZt)-1) and the unit element of {Ca, N) 
is just (l,l). The set (( 1, n)ln E N) is a group under the defined multi- 
plication isomorphic to N in the natural way. The set {(c, 1)/c E Ca} is 
a group under the defined multiplication isomorphic to Ca. It is now easy 
to see that the group {(c, Z)lc E Ca, Z EL) is the direct product of the 
groups ((c, l)lc E Ca} and ((1, Z)IZ EL). Moreover: 
and 
(1, W(c, l)(l, 4 = (c, x) = cc, l)(l, 2) 
(1, 4% w, 4= cc, 1). 
Hence (1, d) acts in the appropriate way on the group {(c, l), (1, z)} as 
expected in (b, 2,2,2). Hence we have constructed a monomial group 
G= {Ca, N}, which contains a non-monomial Price-group as a normal 
subgroup of index 2. 
NOTE ADDED IN TYPING THE MANUSCRIPT ON THE 9th OF OCTOBER 1973. 
The smallest prime r for which N can be a candidate for some Price- 
group, is the prime r= 7. Indeed, a Price-group of order 2s. 7 exists. It 
can be constructed as follows: Let CT be a cyclic group of order 7 such 
that &Yi and Ma are two nonisomorphic irreducible faithful modules for 
C, over the field of two elements so that MI and MZ are both elementary 
abelian of order 8. Now MI and Mz are dual modules. Therefore it is 
possible to construct an extra special 2-group Fo, such that CT acts on 
PO and po/Z(Fo) E Ml @ Mz. Let L=Po C7 be the semi-direct product. 
Now let (t) have order 2 and act on L, inverting CT and interchanging 
MI and Mz. It is easy to see that N = L(t) is the group we want to have. 
Observe that here C=F= PO. 
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In a letter to Prof. B. Huppert d.d. 5 September 1973, I. M. Isaacs 
pointed out that E. C. Dade has also answered the conjecture as mentioned 
in the introduction in the negative. It was done by exactly the same 
counterexample we constructed above! I am indebted to Prof. Huppert 
for this remark, during a stay in Mainz, Germany. 
Dept. of Mathematics, 
Catholic University, 
Nijmegen, The Netherlands. 
REFERENCES 
1. DORNHOFF, L., M-Groups and S-Groups, Math. Zeits. 100, 226-256 (1967). 
2. GORENSTEIN, D., Finite Groups, Harper’s Series in Modern Mathematics, 
Harper and Row Publ., New York (1968). 
3. HUPPERT, B., Endliche Gruppen I, Springer Verlag, Berlin, Heidelberg (1967). 
4. PRICE, D. T., A generalization of M-groups, Thesis (unpublished), Chicago (1971). 
5. Character Ramification and M-Groups, Math. Zeits. 130, 325-337 
’ (1973). 
6. SEITZ, G. M., M-Groups and the Supersolvable Residual, Math. Zeits. 110, 
101-122 (1969). 
7. GLAUBERMAN, G., Correspondences of characters for relatively prime operator 
groups, Canad. Journ. of Math. 20, 1465-1488 (1968). 
Dade’s counterexample has been published in: Mathematische Zeitschrift 133, 
313-317 (1973). 
